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Abstract. We construct a set of coherent states through special superpositions of eigen- 
states of a relativistic pseudoharmonic oscillator. In each superposition the coefficients are 
chosen to be L^-eingenfunctions of a (7-weight Maass Laplacian on the Poincare disk, which 
are associated with the eigenvalue Am {a — 1 + m) , m = 0, 1, ■ ■ ■ , [{a — 1) /2]. For each in- 
teger m the obtained coherent states transform constitutes a of relativistic Bargmann-type 
transform whose integral kernel is expressed in terms of a special Appel-Kampe de Feriet's 
hypergeometric fimction. 



1. Introduction 

In [T]] V. Bargmann has introduced a second transform labeled by a parameter ^ > as 



defined by 



1 

n 



X fl+Z 



where 



(D) := |i/'analyticonD,^|j/7(z)|^ (l - \z\^y~^ dfi (z) < +oo| (1.3) 

denotes the weighted Bergman space on the unit disk D = {zgC;|z|<1} and rf^(z) 
being the Lebesgue measure on it. Thus, setting S = cr — 1 > and using the isometry form 
(lR+,dx) onto (R+,r~^ (cr) x'^~^dx) , one extends Bs to the transform 

B^^ : (R+, dx) A"" (D) (1.4) 

defined by 



B^[^] (z) := f ^xp (-^ (i±|)) ^(x)xi(-i)ix. (1.5) 

The involved kernel function in ( 1.5| > corresponds to the generating function of Laguerre 
polynomials [2J. The latter ones turn out to be fundamental pieces in expressing wave 
functions of the eigenstates of the pseudoharmonic oscillator Hamiltonian (see [3] and ref- 
erences therein). Now, after being observed that the role of the Laguerre polynomials can 
be replaced by the continuous dual Hahn polynomials [4J which are involved in the wave 
functions of the eigenstates of a relativistic pseudoharmonic oscillator Hamiltonian 
here we propose a "relativistic" version of the second Bargmann transform ( 1.4[ >, which also 
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will include a generalization of the arrival space A'^ in ( 1.4 1. The latter one will be replaced 
by the eigenspace (||6ilZl): 



^^(D) := !^xp:i:>^C,Acrip = e'^ip,J^\xp{z)\^{l-zzf ^rf^(z) < +oo| (1. 
of the second order differential operator 

:= -4(1 -zz) (^{1-zz 
with the eigenvalue (hyperbolic Landau level): 



6) 



dzdz '^^dz ^^'^ 



e^, := 4m (cr — 1 — m) , m = 0, 1, 2, • • • , 



(7-1 



(1.8) 



where [x] denotes the greatest integer less than x. The operator in (1.6) can be unitarly 
intertwined to represent the Schrodinger operator of a charged particle evolving in the 
Poincare disk under influence of a uniform magnetic field with a strength proportional to 



a. For m = 0, the space Aq (D) in ( LS) ) coincides with the Bergman space A^ (D) in ( |1.3| ) 



where S = a — 1 .In this paper, we precisely construct a family of integral transforms of 
the form B^J^„ : (1R+) ^ ^2(7+^) defined by 



b;Ui(z):= P2-^>-./^^<"'+^^)^) I - . I (1.9) 

V/rm! (1 -z)^ r(27)r (7+ i > V (1 - z) (1 - zz) / 



^/o f(IO ^'l • 27 '(l-z)(z-l)'r^J^(^)'^' 

where a = 2 (7 + m) ,c > 0,7 = 7 (c) = (1 + a/I + 2c^)/2 and fs is a special Appel- 
Kampe de Feriet hypergeometric function |i8l. Our method in constructing the transform 
( L8l > is based on a coherent states analysis by adopting a general probabilistic scheme "a la 



Gazeau" [9J. In the analytic case which corresponds to the particular value m = 0, we prove 
that the transform ( |1.9| > reduces to the following one 

B^^o : l2 (R+) ^ (110) 

defined by 



V21 



-t 



7 / 27-1 



(7+0 (l-z) 



where 2fi (•) denotes Gauss hypergeometric function flOl). 

The paper is organized as follows. In Section 2, we recall briefly some needed tools 
from the spectral theory of the (7-weight Maass Laplacians on the Poincare disk. Section 3 
deals with the construction of a set of coherent states in the framework of a probabilistic 
Hilbertian schem without specifying the corresponding Hamiltonian system . In section 4 
we summarize some required information on a relativistic model for the pseudoharmonic 
oscillator. In section 5 we particularize the constructed coherent states for the relativistic 
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pseudoharmonic oscillator and we obtain expressions for their wave functions in an ex- 
plicit way. Section 6 is devoted to establish the corresponding coherent states transforms. 

2. Maass Laplacians on the Poincare disk 

Let D = {z G C, |z| < 1} be unit disk endowed with its usual Khaler metric ds^ = 
—ddLog (1 — zz) dz ® dz. The Bergman distance on D is given by 

,2 J/ X (1 - ZZV)(1 -ZW) ,^ _ 

cosh^ d z, zv) = }- ^ 2.1 

(1 — zz) (1 — WW) 

and the volume element reads 

djiiz) = - — ^—^dv{z) (2.2) 
(1 - zz) 

with the Lebesgue measure dv{z). Let us consider the differential 1— form on D defined by 
9 = —i (^d — Log (1 — zz) to which the Schrodinger operator 

Ha := (rf + i^ext (0)) * (^d + i^ext {9)^ (2.3) 

can be associated. Here (7 > is a fixed number, d denotes the usual exterior derivative on 
differential forms on D and ext (9) is the exterior multiplication by 9 while the symbol * 
stands for the adjoint operator with respect to the Hermitian scalar product induced by the 
Bergman metric ds^ on differential forms. Actually, the operator Hg- is acting on the Hilbert 
space (D, d}i{z)) and can be unitarly intertwined as 

(l-zz)2^A^(l-zz)-2'^ = H^ (2.4) 



in terms of the second order differential operator introduced in (1.7 1. The latter one is 

acting on the Hilbert space L^''^ (D) = ^D, (1 — zz)'^~^ rfv(z) j . Note that this operator is 

an elliptic densely defined operator on L^'*^ (D) and admits a unique self-adjoint realization 
that we denote also by A^r. The part of its spectrum is not empty if and only if (7 > 1. This 
discrete part consists of eigenvalues occurring with infinite multiplicities and having the 



expression e'^ = 4m (cr — m — 1) in ( 1.8 1 for varying m = 0, 1, • • • , [(cr — 1) /2] . Moreover, it 



is well known (BUlZllTTl) that the functions given in terms of Jacobi polynomials [2] by 

\k-m-k 







a,m I 



-2m-l)T{a-m)M{-ir z^^ i,n-k,a-2m-i) _ 
mn\T{(r-2m + k) {\-zzf^ ^ ^ ^ 

constitute an orthonormal basis of the eigenspace 

X (D) (D) , ^,cp = e^^cp] . (2.6) 

of Ap- associated with the eigenvalue e^^ in ( |2.6| >. Finally, the L^— eigenspace Aq (O) = 
G L^'*^ (D) , Ap-^ = 0} corresponding to m = and associated to = in ( |2.7[ > reduces 
further to the weighted Bergman space consisting of holomorphic functions ^: D — > C with 
the growth condition 



D 



\(p{z)\^ (1 - zzY~^ dv{z) < +00. (2.7) 



This is why the eigenspaces in ( |2.6| > are also called generalized Bergman spaces on the 
complex unit disk. 



4 



Z. MOUAYN 



Remark 2.1. .The spectral analysis o/Ap- have been studied by many authors, see [61 and references 
therein and it can also be obtained from the a— weight Maass Laplacian + 9^ j — iaydx on 

the Poincare upper half-plane [[12|. The condition a > 1 ensuring the existence of the eigenvalues 



e^, in ( |1.8| > should implies that the magnetic field B = aCl(z), where O stands for the Khaler 2-form 
on D, has to be strong enough to capture the particle in a closed orbit. If this condition is not fulfilled 
the motion will be unbounded and the classical orbit of the particle will intercept the disk boundary 
whose points stands for {oo} which means escaping to infinity (see [|T3l p. 189]). 

3. Coherent states in a Hilbertian probabilistic schem 
The negative binomial states [14] are labeled by points z G D and are of the form 



+ 00 




z,cr,0>:={l-zzr \IyJ^^'\'P^ > ^^.l) 

where cr > 1 is a fixed parameter and the kets \ ip]^ > are for instance elements of an abstract 
Hilbert space 71. Their photon-counting probability distribution is given by 

Fr{X = k):= \< xp,\z,a,0>\'={l- zz)^ [zzf ^-^^ 

which obeys the negative binomial probability distribution iTTSll . Observe that the coeffi- 



cients in the superposition (3.1 1: 



constitute an orthonormal basis of the eigenspace (D) associated with the first eigen- 
value = and consisting of analytic functions on D with the growth condition ( |2.7| >. For 
instance, let cr > 1 and m = 0, 1, • • • , [(cr — 1) /2] be fixed parameters and let {| i/^jt >}fcLo 
be a set of Fock states in a Hilbert space H. Then, adopting the Hilbertian probabilistic 
schem of coherent sates in ([9, p. 74, Eq. (58)]), we state the following. 

Definition 3.1. A class of coherent states can be defined as 

1 +00 



z,c,m >= {NaA^))-^ YL ^'"(z) I > (3.3) 



k=0 

oo 



where J\fo-,m{z) is a normalization factor and {^^''"(z)}j^^q is the orthonormal basis ( |2.5[ ) of the 
generalized Bergman space A'^ (D) . 

Now, one of the important task to do is to determine is the overlap relation between two 
coherent states. 

Proposition 3.2. Let a > 1 and m = 0, 1, • • • , [(cr — 1) /2] . Then, for every z,w G D, the 
overlap relation between two coherent states is given through the scalar product 

<w,cr,m\z,cr,m>n- r (cr - 2m) (1 - zz(;)- ^^"^^ 

ni — zw) (1 — wz)\^ f „ il — zz)il — ww) 

X j- — ^-^j =r -iF 1 —m, a — m,a — 2m; 



[1 — zz) (1 — ww) ) ' \ ' ' ' (1 ~ zw) (1 — wz) 

where iF \ is a terminating Gauss hypergeometric sum. 



Proof. In view of Eq. ( |3.3| >, the scalar product of two coherent states \ z ,a,m > and 
,a,m > inl-t reads 



w 



J +00 



<W,Cr,m\z,Cr,m>y^ = {Ma,m{^)Ma,m (w)) ^ £ (z) (w) 

^ (c7-2m-l)(Ar(z)Ar(z(;))-^ ^,^^ 

TT ((1 — ZZ) (1 — Ww)) 



m ^z'w I (3-5) 



where 



r ((7 - m) (zz^r +^ fc! 
m!r ((7 - 2m) ^t?, ('^ " 2?^)^ / 
X p(-^'-2— 1) (1 _ 2zz) p(-fc,-2--i) (1 _ 2^^) . 

Making use of the following identity due to A. Sirvastava and A. B. Rao ( l|T6l p. 1329]): 

E (T^P»' ■ ' (^) ■ ' (y) = (i - J (X - 1) (y - 1) () (3.7) 

for n = k,t = 1/zw, j = ni,ix = a — 2m — l,x = 1 — 2zz and y = 1 — 2ww, we obtain, after 
calculations, the expression 



T{a-m) {-ir ((1 - zw) (1 - z(;z))^ 
m\T{cr — lm) (1 — zw) 

(1 — zz) (1 — ww) 



X2 Fi —m,a — m,(T — Im; 



(1 — zw) (1 — wz) J ' 



Returning back to Eq. (3.5 1 and inserting the expression ( 3.8| > we arrive at the announced 



formula. □ 



Corollary 3.3. . The normalization factor in \33) is given by 

^.A^) = (3.9) 

TT (1 — zz) 

for every z G D. 

Proof. We first make appeal to the relation (JlZl p. 212]): 

iFr(-n,n + K + Q + l,l + K^-^\= ,l^^^+^\ p^^^ (r) (3.10) 



r(l +K + n) 

connecting the 2F 1— sum with the Jacobi polynomial for the parameters n = m,K = a — 
2m — 1,Q = and the variable 

^ (1 — zz) (1 — ww) 

T = 1 - 2)- ^ =^ 3.11 

(1 — zw) (1 — wz) 
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to rewrite Eq. ( |3.4[ > as 



Ma,m{z)Ma,m {w) 



X 



-l)'^{a-2m-l){l-zw)-'' 
71 < 'w;a,m \ z ,a,m 
p(£r-2m-i,o) A ^ {l - zz) {1 - ww) 
^ (1 — zw) d — wz) 



(3.12) 



The factor J\fa,m{z) should be such that < z,cr,m\ z,cr,m >u= 1. So that we put z = w in 
( 3.12[ ) and we use the well known symmetry identity satisfied by the Jacobi polynomials 
P^T'^) (^) = (-1)"^ pI^'^^ (-^) to obtain the expression 



a,m \ 



(T-lm-l) „(0,cr-2m-l) 



TT (1 — ZZ^ 

Finally, we apply the fact that (BIZl p.209]): 



1 n 



'1 



n!r(a; + l) 

in the case of a = 0, n = m and = cr — 2m — 1. This ends the proof. 



(3.13) 

(3.14) 

□ 



Proposition 3.4. Let a > \ and m = 0, 1, • • • , [(cr — 1) /2] . Then, the states in (33) satisfy the 
following resolution of the identity 



/ \ z,a,m X z,a,m\ dU(jm{z) 



(3.15) 



where 1% is the identity operator, d}ia,m{z) is a measure given by 

d}ia,m{z) := n~ {a — 2m — 1) {1 — zz) dv{z), (3.16) 
and dv{z) being the Lebesgue measure on D. 

Proof Let us assume that the measure takes the form d}ia,m{z) = Ma,m{z)Cl (z) dv{z) where 
n(z) is an auxiliary density to be determined. Let cp ^ % and let us start by writing the 
following action 



O [(f] := (^J \ z,cr,m >< z,cr,m \ d}io-,m{z)^ [(f] 

= / < (p\ z,a,m >< z,o-,m\ duam{z)- 
Making use Eq. ( |3.3| >, we obtain successively 

0[(p]= <(p \ {Ma,m{^)) ' E I »< Z,(T,m \ d^^A^) 

"'ID ; n 



(3.17) 
(3.18) 

(3.19) 



+ 00 „ \ 

/ 0;'"^(z)0^''«(z) I i/^fc X I (Ar,,^(z))-i rf^,,^(z) [cp] . (3.20) 

We replace the measure d}ia,m{z) by the expression Ma,m{z)Cl{z)dv{z), then Eq. ( |3.20| > can 
be written without ^ as follows 



+00 r „ 

^ = E / or(z)or(2)"(2)rfv(z) 



;,fc=0 



>< l/^fc 



(3.21) 
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Therefore, we need to have 



^J'"\z)^l'^iz)n{z)dv{z) = Sjk. (3.22) 



^J'"'{z)^ri^) (1 - zzf-^dviz) = Sjk. (3.23) 



For this we recall the orthogonality relation of the <l>^''"(z) in the Hilbert space L^''^ (D), 
which reads 

'D 

This suggests us to set n(z) := (1 — zz)^~'^ . Therefore, we get that 

dfia,miz) = (^~^^~^) rfv(z). (3.24) 

TT (1 — ZZ) 

we arrive at the announced expression of the measure. Therefore, Eq. p.21 1 reduces to 

+ 00 

E ^jlki-X'/'/cl =1?^- (3-25) 

i,k=o 

The proof is finished. □ 

Proposition 3.5. Let a > 1 and m = 0, 1, • • • , [(tr — 1) /2] . Then, the states \z,cr,m > satisfy 
the continuity property with respect to the label z G D. That is, the norm of the difference of two 
states 

do-,m {z,w) : = \\(\ z,cr,m > — \ w,o',m >)\\y^ (3.26) 
goes to zero whenever z ^ w. 



Proof By using the fact that any state \ z,a,m > is normalized by the factor given in (3.9 1, 
direct calculations enable us to write the square of the quantity in ( 3.26| | as 

dl^jjj {z,w) = 2 (1 - 5R(< z,a,m \ w,a,m >)) . (3.27) 

Next, we use of the expression of the scalar product in (3.9) form which it is clear that the 
overlap takes the value 1 as z — > w and consequently da,m {z, w ) — > 0. □ 



We have verified that the basic minimum properties for the constructed states to be con- 
sidered as coherent states are satisfied. Namely, the conditions which have been formulated 
by Klauder [18]: (a) the continuity of labeling, (b) the fact that these states are normalizable 
but not orthogonal and (c) these states fulfilled the resolution of the identity with a positive 
weight function. As we can see, these coherent states are independent of the basis | xpj^ > 
we use and the only condition which is implicitly fulfilled is the orthonormality of the basis 
vectors of H. But if we want to attach these coherent states to a concrete quantum system 
then a Hamiltonian operator should be specified together with a corresponding explicit 
eigenstates basis. This will be the goal of the next section. 

4. A RELATIVISTIC PSEUDOHARMONIC OSCILLATOR 

In this section, we recall some needed results which have been developed in HSl, where 
the authors considered a model for the relativistic pseudo-harmonic oscillator with the 
following interaction potential 

Um,„cxg (x) := Qm,a;2x (x + iA) + ^^^^ .^^ ^ e''^^^ (4.1) 

where a; is a frequency, g > is a real quantity and A = h/m^c denotes the Compton 
wavelength defined by the ratio of Planck's constant h by the mass times the speed 
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of light c. The corresponding stationary Schrodinger equation is described by the finite- 
difference equation 

(4.2) 



mc coshz^ea^ + Um„cv,fi,g (p{^) = Ecp (^) 

with the boundary conditions for the wave function ^ (0) = and cp (oo) = 0. As in fSl, 
we will restrict ourself to the interval < x < oo and in terms of dimensionless variable 
^ = x/A and parameters coq = hco /m^c^,go = m^g/h^ the equation ( |4.2[ ) takes the form 



§0 



(4.3) 



The authors in ||3 have obtained the energy spectrum of the Schrodinger operator in ( 4.2| > 



as 



Ejt := ^a;(2fc + a+ + a_); fc = 0,1,2, 



where 



2a± - 1 = J 1 + (l ± V'l-Sgoo^^^ , 



(4.4) 



(4.5) 



For our purpose to ensure that E]^ are real we choose 1 — Sgot^o ~ ^ which means, in 
system of units h = = co = 1, the choice g = In this case a:+ = a;_ = 7^ = 

(1 + Vl + 2c4) /2 = 7. So that we will be concerned with eigenstates of the form ([5J): 



(4.6) 



where Sjt {^1 ^> ^> c) denotes the continuous dual Hahn polynomial (P, p. 331]), which can 
be defined in terms of the 3F2-sum as 



Sn \l ■,a,b,c) := (a + b)^ (fl + c)„.3f2 



-n,a + i^,a — 
a + b,a + c 



(4.7) 



<pl{^)cp]{m = h,j (4.8) 
which means that they constitute an orthonormalized system in the Hilbert space (1R+, d^) ■ 



Finally, we note that the wave functions in ( |4.6| > satisfy the relations: 

r'+OO 







5. A FAMILY OF COHERENT STATES FOR THE RELATIVISTIC PSEUDOHARMONIC 

OSCILLATOR 

We now adopt the Hilbertian probabilistic schem discussed above in Section 3 to define 
a class of coherent states as follows. 



Definition 5.1. for a > 1 and m = 0,1, 



cr-l 



a class of coherent states for the relativistic 



pseudoharmonic oscillator (4.2) are defined by 



+00 



(5.1) 



k=Q 



where Ma, m{z) is the factor in (|3.9[) , 0^'"^(z) are given by ( |2.5| > and (p^ {■) are the eigenstates in 



Proposition 5.2. Let a = 2 (m + 7) and z ^ ID be a fixed labeling point. Then, the wave 
functions of the states (5.1 1 are of the form 

_ v/2r(m + 27)/-> {c-'fl^^ + i^) 



r (27) r (7 + 2) \/m! r {i^) 



iX-zf^V-z) 'V • 7+2: 27 I (l-z)(z-l)'l-z 

/or any ^ G R+, where F5 is a special Appel-Kampe de Feriet hypergeometric function. 



Proof. We start form E g. \5.1) by replacing the coefficients <l>^''"(z) by their expressions 
taking into account Eq. (2.5). This leads to the expression 

m / (^-2m-l) \-^ - / (cr-2m-l)fe!r((r-m) 



71 (1 - zz)'" y y nm\I {a-2m + k) 

X (1 - zz)-'" (^_ifz'^-kpi^-k-^-^^-^) (1 _ 2zz) <p^(^). 

Next, introducing the variable u := 2zz — 1 and inserting the expression of cp^i^) in Eq. 
( |5.3| >, we obtain that 

= (1 - y^ti^,. :!ii±^ (5.4) 



00 

xE 

fc=0 



T(cr-2m + k) ^^r (^fc + 7 + 1 j ^fc!r(Jc + 27) 
We use the notation a — 2m = 27 and we focus on the sum in ( |5.4[ ): 

pi^pf^-''"-'" (.) St (fi 7,7,1/2) 

a V r (27 + z*r + 7 + J) ■ 

Next, we set f := 1 /z and we rewrite ( 5.5| > in a simple form as 

e ^ E (5.6, 

k=Q T(k + j + ljT (27 + fc) 

Now, we need the definition of the continuous dual Hahn polynomials by the hypergeo- 
metric terminating 3f2-sum (HI p.331]): 



r(27)r(^7 + ij V 27,7+2 



So that the sum (5.6) becomes 



6 



1 f ,fcp(27-l,m-/c) . . ^^J -k,J + i^,^-i^ 



r (27) r f 7 + i j fc=o V ^7/7 + 2 / 

Now, we make use of the integral representation ( ||T9l p.84]): 

( -'^'P I 1) = nP±p- [\P-^ (1 - .2f, f '^'/^ I x] dx (5.9) 

^^VT,^ + a;l ; r(^)r(a;)yo ^ ' \^ ) 
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provided that ^{p) > 0, ^{co) > and ^(r + co — a — ^) > for the parameters a 
—k, ^ = y + i^,p = j — i^,T = 2j, a; = ^ + to rewrite the 3f2-sum in ( |5.8[ ) as 



3F2 



r(7 + i 



X x^-'^-^ {1 - x)- 
Jo 

Therefore, Eq. ( |5.8 | transforms successively as 

1 r(7 + i 



(5.10) 



■2F1 



-K7 + i^ 
27 



6 



r (27) r (7 + 1) r (7 - r (i + i^) k=o 



(5.11) 



X / X 



T-^'^-l(l-x)-2+^'^.2fl 



27 



X dx 



1 /■! / °° 



,/cn(27-l.m-fc) 



m) .2F1 



27 



X dx. 



where 



0(x,^) 



;,7-^?-l(l_;,)-i+^-? 



r(7-z0r(i + /^ 

Now, we look closely at the sum in ( 5.12| >: 



(5.12) 



(5.13) 



S(x) := ^ i'cp(27-i,«.-lc) 



27 



X 



We exploit the connection formula (||20l p. 63]): 



1 - W ^ " i-2n-a-^-l,^) fu + 3 

V U — 1 



(5.14) 



(5.15) 



for the parameters a. = 2'y — l,fi = m — k and n = to rewrite the Jacobi polynomial in 
( |5l4l ) as 

„(27-l,m-/c) 



(U) = (1 - 22)fcp^(-27— fc,— fc) /ZZ + 1 



Therefore Eq. (5.141 can be rewritten as 



k=0 



1 - ZZ^ ^(^-2y-m-k,m-k) / ZZ + 1 
*^ V ZZ - 1 



•2^1 



ZZ — 1 



27 



We introduce the variables 



Z ZZ — 1 



in terms of which Eq. ( 5.17| ) also reads 



k=0 (27)lc ' ^ ^ ' 



-K7 + i^ 
27 



(5.16) 



(5.17) 



(5.18) 



(5.19) 
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We are now in position to apply the bilinear generating formula due to S. Saran ([[211 p. 14]): 

-k,c 

-ft i^,- • 1 1/ I '1 f--i I 
to (^)fc 



(5.20) 



= (1 - y) fg (^b, h, h, c, -cc,-^; h, d, d; - + -1(^-1) g^. 

In our context b = d = 27, this implies that the Lauricella triple hypergeometric series Fg, 
which is denoted Fq by S. Saran, reduces to the expression 



1 + 



{V + l)9 



1 + 



'v-i)e 



(5.21) 



X 



H ^' '2+(y + l)e'2+(y-l 



e 



{v-i)e, 

in terms of the first Fi Appell's hypergeometric function ([19] ,p.265) . Therefore, in terms 
of our parameters, the sum (5.191 also has the following expression 



1 + 



'v + i)e 



-l-y—m 



1 + 



X Fi 7 + i^, 27 + m, -m; 27; 



'V -De 



x{v + i)e x{v-i)e 



(5.22) 



2 + {v + i)e'i + {v-i)e^ 

Now if we denote the parameters and arguments occurring the last Appell Fi-sum respec- 
tively by = 7 + z^, & = 27 + m, c = — m, d = 2j , 

x(v + i)e x(v-i)e 

}izX,Y 



X 



with 



2+{V + l)d 

(v + i)e 



2+ (y-l)0 



VzX 



(5.23) 



(5.24) 



2 + (y + l)0 z-1 2+(y-l)e 1-z 

then this Fi-sum can be presented as V\ {a, b, c; d; X, Y) with a particularity here consisting 
on the fact that the parameters b, c and d satisfy d = b + c so that it can be reduced to a 
Gauss hypergeometric function according to the transformation ([|22|): 

a,b .X-Y' 



Fi{a,b,c,b + c;X,Y) = (l-y)-^2fl 



b+c ' i-y 



(5.25) 



Therefore, using ( 5.25| >, we obtain from ( 5.22| > the following fact 

Fi {j + i^,2j + m, -m;2j;fizX,Vzx) 

7 + z^,27 + m I {}iz-Vz)x 



We set 



l-v,x -".2F1 



jiz 



27 
1 



1 1 



1 - l^z^^ 
1 — ZZ 

-z) fz-1^ 



So that the sum in ( |5.22[ > becomes 



S(x) 



1 + 



1 + 



(y-l)e 



(5.26) 
(5.27) 

(5.28) 



X (1 



j + i^,2j + m {}iz-yz)x 
27 ' 1 - 
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Next, to compute the pref actor in the last Eq. ( |5.28 1, in terms of the fixed labeling point z 
G D, we are of need of the equalities 



, _ , (v + i)e ^z-i , (v-i)e 

1 - z = 1 + — ^ and = 1 + 



(5.29) 



in order to rewrite (5.28 1 as 



E(x) = (l-z) 



-27 —m / ^ l 



x(l-V,x)-'^-'^.2fl( 



1 -z. 

27 ' 1 - VzX 



Returning back to the sum in (5.12 1 and inserting S{t), we get that 

1 

T{2j)T{j-i^)Tfl + i^\ ^0 



6 



Explicitly, this last quantity reads 



6 



(1-z) 



-27 -m 



z-1 

1-Z 



(5.30) 



xT-'^-i (1 - x)-2+'^ (S (x)) rfx. (5.31) 

Jo 



(5.32) 



X / xT-^'^-l(l-x)-2+^'^(l-VzX)"'^"'^.2fl 



27 + m, 7 + I TzX 
27 



1 — VrX 



dx. 



A this stade we can make use of the integral representation due to S.K. Kulshreshtha (BH], 
p. 137, Eq. (2.2)]), of a very special case of the Appel-Kampe de Feriet's hypergeometric 
function of two variables of higher order [23J as follows 



f 



2 c d 

1 a b . X 

1 e . I ^ 

1 a' b 



(5.33) 



Tie) 



r (d) T{e-d) Jo 



a, c 
a' 



dt 



(5.34) 



for the parameters d = 7 — z^, e = ^ + 7/ c = 7 + z^, = 27 + m, a' = 27, ^ = Vz, x = t^z 
and i = X. So that the integral occurring in ( |5.32| > reads 



r 7 + 



F5 



7 + i^, j-i^ : 27 + m 



7 + 



2 • 



27 



Tz,V, 



(5.35) 



and therefore the sum in (5.32 1 takes the form 



r 7+1 r(27)z 



1 



7 + z^, 7 - : 27 + m 



7 + ^ 



27 



Tz,V2 



(5.36) 



13 



Summarizing the above calculations we arrive at the expression of the wave functions: 

-4 



<fz,'y,m (^) 



X 



1-zz 



(1 



21 (m + 27) ., 



m! 



-27 



r(27)r 7 + ^ 



1 



m 



F5 



7 + i^, 2j + m 



(5.37) 



7 + 



27 



as announced in the proposition. Replacing the arguments Vz and Tz by their expressions 
in (5.24> and { 527\ , we end the proof. □ 

6. Relativistic Bargmann-type transforms 



Now, since we have obtained the expression of the wave functions (5.2 ), we can apply the 
coherent states transform formalism [|9J to obtain an integral transform : (IR+) 
^2(7+m) (o) defined by 



^Zn [/] i^) '■- (■^2(7+m),m(z)j {f , (pz,-/,m) i2{^^ 

We precisely state the following precise result. 



(6.1) 



Theorem 6.1. The coherent state transform associated with the wave functions (5.2 ) is the isometry 

(27-1)2 V2r(m + 27)(-/y 



[/] (z) := 



V/rm! (1 - z)^'^ r(27)r(^7+i 



X 



+00 r2 (7 - z^) (c-4) /7-/^, 7 + /^: 27 + m 
r(-/0 'V • 7 + ^: 27 



;i - z) (1 - zz) 

1 — zz 



fl-z) (z-l)'l 



(6.2) 



Definition 6.2. Let 7 = (1 + Vl + 2c*) / 2, ^/zen f/ze coherent state transform ( 6.2 1 wz7l he called a 
relativistic Bargmann-type transform attached to the hyperbolic Landau level eli '■= 4m {m + 2j — 1] 
on the Poincare disk. 



Corollary 6.3. For m = 0,the coherent state transform associated with the wave functions (5.2) is 
the isometry B^q mapping the Hilbert L^ (1R+) onto the Bergman space A^^ (D) of holomorphic 

functions (p :T) ^ C with Jj^ |^(z) |^ (1 — zz)'^^^^ dv{z) < +ooby 



Bl, [f] (z) 



27-1 



n 



V2 



X 



1-^) r(7+i) v/rl2^ 



(6.3) 



i-z)'^r(-z^) 



1 
2 

7 + 2 



Proof. We start by putting m = in the expression \5.2) . This gives 

V2P{c-^f r2(7 + z^) 



f(2^r(7+i) mo 



(6.4) 



X 



:i-zz) 



(1 



^27 



7 + 27 
7+i: 27 



zz 



1-z z-iri 
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We now observe that the two parameters a and a' in the Fs-sum as denoted in ( |5.33 1 are 
equal in the case of Eq. (6^1. In this situation the reduction (fiSj p. 136, Eq. (1.7)]): 

t: l\X.c)=.h(^''f \X + C) (6.5) 
can be applied and enables us to write 

. 7+^ 27 i^^'"^J=^^^l 7+j '^J' ^^-^^ 

where we have replaced of the quantities Vz and Tz by their above expression respectively. 
Next, we make use appeal to the Pffaf transformation ([|4, p. 68]): 

.fJ''^" |x)=(l-xr..Fi('''V'' I-^) (6.7) 



(6.8) 



to present the Gauss hypergeometric function in right hand side of Eq. ( |6.6[ ) as 
Returning back to ( 6.4| >, and inserting (6.8 1, we arrive at the expression 



X 



Finally, we write the quantity {N2^fl (z)) ^ (// ^'z,7,o)2^2(k^-) for an arbitrary function / in 
l2(R+). □ 
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